Previously, the effect of high electron temperature on plasma polarimetry has been studied theoretically with specific relevance to its use as a Tokamak plasma diagnostic. Approximations have been given in both the non-relativistic and weakly relativistic limits but neither has been verified experimentally. This paper compares over 23,000 measurements of induced ellipticity made by the JET polarimeter during 268 selected pulses with predictions based on both temperature corrections and on purely cold plasma wave theory. The cold plasma theory is shown to significantly underestimate while the non-relativistic warm model is shown to significantly over estimate the induced ellipticity. Good agreement with the relativistic warm model is shown for plasmas in the range 3keV < T e < 12keV which constitutes the first experimental verification of relativistic effects in plasma polarimetry.
INTRODUCTION
Polarimetry and interferometry are routinely used as plasma diagnostic techniques for measuring electron density and magnetic field based on the cold plasma model of wave propagation. Recently, the effect of finite electron temperature T e has been studied theoretically, giving 'warm plasma' approximations to first order in normalised electron temperature τ = T e / (m e c 2 ) in the non-relativistic [1] and weakly relativistic [2] limits. While these approximations have previously been used in the evaluation of plasma polarimetry [3] , they have never been verified by experimental observation. This paper compares measurements of induced ellipticity, taken from the JET Polarimeter, with predictions based on the cold plasma, non-relativistic and relativistic approximations. It will be shown that the experimental observations are consistent with the latter approximation, verifying the presence of relativistic effects in the evolution of the polarisation of light during high T e JET plasmas.
For radiation with angular frequency ω propagating through a magnetised plasma with plasma frequency ω p << ω, the effect of the plasma on the wave polarisation is commonly split into two components. For a magnetic field parallel to the propagation direction, the Faraday effect corresponds to a rotation of the polarisation. The rotation (∆ψ) for propagation in the z direction, through a plasma with electron density n e (z) and magnetic field B(z) || z is given [4] by: .
(1) (2) For a magnetic field perpendicular to the propagation direction B ⊥ z, the Cotton-Mouton effect corresponds to a change in the ellipticity of the polarisation. The induced ellipticity angle χ = tan -1 (∈) of radiation initially linearly polarised at 45 o to B ⊥ is given by: 
For the general case, where B is neither completely perpendicular nor parallel, equations 1 and 3
are only valid when the other effect is small (∆ψ << 1 or χ << 1). For a more accurate calculation, the polarisation can be represented as a Stokes vector (equation 5) and it's evolution described [4] by equation 6.
(5)
The initial condition s (z = 0) sets the initial polarisation in the (x,y) plane of the chosen coordinate system. ψ = χ = 0 and hence s = (1, 0, 0) describes linear polarisation aligned with the x axis.
For low temperature plasmas with electron cyclotron frequency ψ c , Ω (z) can be found from the cold plasma approximation [4] as:
For high temperature plasmas, electrons with high thermal velocity experience a Doppler shifted incident wave and so their contribution to the plasma's effect on the wave is modified. This is addressed in [1] , where the vector Ω is calculated from the non-relativistic plasma dielectric tensor.
An asymptotic expansion is used for the plasma dispersion function and terms above first order in are dropped. The result, written in terms of the cold plasma approximation Ω c , is the non-relativistic warm plasma approximation Ω n :
It is argued in [1] , that the non-relativistic limit is su cient to describe plasmas up to at least T e = 15keV. However, it was later shown in [2] that the relativistic mass increase of high velocity electrons a ects their response to the wave's electric field by a similar magnitude to the non-relativistic finite T e effects. A calculation including both effects to first order in τ is given using a new iterative technique. Written in terms of the cold approximation Ω c and assuming the refractive index N ≈ 1, this relativistic warm approximation Ω r is given [2] as:
THE JET POLARIMETER
The JET Polarimetry system [5] uses a 195µm wavelength laser which is linearly polarised and split into multiple beams. Eight of these pass through the plasma in the poloidal plane, four vertically and four laterally. Figure 1 shows the eight channels with a typical flux surface geometry. Two beams are not passed through the plasma but are frequency shifted by 100kHz by means of a rotating diffraction grating. One frequency shifted beam is recombined with each of the vertical plasma probing beams and the other with each of the horizontal beams. For each channel, this creates a 100kHz beat signal which is then split into two orthogonal components and presented to two detectors. The detected signals are used to calculate the amplitude ratio and phase difference of the two components which are converted into the detected ellipticity D and polarisation angle ψ D .
Due to unknown amplifications and phase shifts in the detectors and electronics as well as birefringent materials in the beam paths [6] , the relationship between this detected polarisation (ψ D , χ D ) and the desired measurement, the polarisation after the plasma (ψ m , χ m ), is not trivial. A calibration procedure is performed before each pulse where the initial polarisation is varied with no plasma present which effectivly varies ψ m with fixed χ m = 0. Together with a model of the diagnostic, the detected polarisation measured during this scan is used to obtain the conversion (ψ D , χ D ) → (ψ m , χ m ) for the rest of the pulse when the plasma is present. The proceedure has varying degrees of success [7] but generally provides greater accuracy in m than m since the calibration is over the full range of effective m but can only be performed at the single fixed χ m = 0. Unfortunately, the accuracy varies between pulses and between days, leading to an error which is a constant systematic for a singlepulse but random over a sufficient number of pulses. The origin of the variation is not completely understood but could result from several properties of the system that vary over this timescale such as the condition of the laser or of the optics in the beam paths between the Tokamak and the area where the laser and detectors are situated. The mixing of the plasma and frequency shifted beams which creates the detected 100Khz signal occasionally results in an extra undesired component in the recovered signals which oscillates with line integrated electron density. This also gives an error that is systematic for individual pulses but e ectivly random over a large number. Efforts to remove the birefringent materials and improve the calibration are on going but at present the instrumental oscillation and the accuracy of the calibration are the principal sources of error for the diagnostic.
MODEL EVALUATION
To evaluate equations 7 -9, the quantities B, n e and T e are required. Magnetic field B is taken from the JET equilibrium fitting code EFIT [8] based on magnetic measurements taken from coils and loops around the outside of the vessel. This also provides ψ N , poloidal flux normalised to the flux
at the last closed flux surface. Electron density ne profiles as a function of ψ N are provided in the form of a Probability Density Function (PDF) calculated from a Bayesian inversion of the interferometry measurements along the 8 channels [7] .
T e is provided by the LIDAR Thomson scattering diagnostic [9] . These T e measurements are prone to large random fluctuation on individual data points, occasionally giving unphysical large values which result in large jumps in the temperature effects calculated from 8 and 9. As the T e values are provided with spline function and t to the LIDAR data points. Given that the theoretical T e effects are relatively small, and so T e is required to an accuracy of only around 1keV, any systematic effect this procedure causes will be negligible.
For analysis of the high T e effects, channel 3 is used as it passes through the plasma core where The channel therefore approximately satisfies the assumptions of equations 1 and 3. Futher to this, B ⊥ is dominated by the externally applied 'vacuum' field which varies as 1/R and since channel 3 lies at constant R, the B ⊥ term is effectively constant and can be taken outside the integral. This means χ is approximately proportional to line integrated density, which is known to an accuracy of less then 1% from the interferometry system. It should therefore be possible to calculate χ to a greater accuracy than the difference between the three models.
The rotation is heavily dependent on the poloidal magnetic field which is determined from the equilibrium code. As this is based only on magnetic measurements far from the centre of the plasma, it is heavily determined by the constraints made on the pressure and current profiles which can result large inaccuracies.
The accuracy to which ψ and χ can be theoretically calculated from other measurements, the calculation uncertainties, must be assessed (Note that these are not related to the measurement uncertainties discussed in section 2). For χ , the calculation uncertainty is typically 0.4%, which is significantly smaller than the associated temperature effect of approximately 2% for 10keV. For ∆ψ, the typical calculation uncertainty is 10% which is much larger than the typical temperature effects of less than 1% at 10keV. Therefore, in this paper, only the induced ellipticity χ is investigated.
PULSE SELECTION
Unfortunately, because the error on the measured plasma induced values ψ m , χ m comes primarily from the calibration, it is systematic for all data from a single pulse. Given this, and that it is typically at least as large as the difference between the three approximations, it is easy to find individual pulses which appear to agree with any of the models, as shown in figure 2.
As described in section 2, due to the complex and partly unidentified nature of the variation in the calibration, the uncertainty on the measured ellipticity angle χ m cannot at present be accurately characterised. However, over a suitably large range of pulses and campaigns it has been shown that the predictions of the cold model agree on average with data from cold (T e < 3keV) pulses [3, 7, 10] . Under the assumption that the basic cold plasma propargation theory is correct such plasmas, this indicates that the average calibration is correct.
In this case, it is useful to investigate a large number of pulses over many years and a wide range of plasma parameters. Originally, all JET pulses between 2003 and 2007 with valid interferometry, polarimetry and LIDAR Te data were selected, giving over 1200 pulses. For each of these, equation
3 was used to calculate an approximate prediction for which was compared against the measurement χ m for cold regions of each pulse (core T e < 3 keV). Pulses with a large disagreement ( χ m -χ > 20%) in these regions were rejected as having too large a calibration error to be useful, under the assumption that the the basic theory is correct for low T e plasmas. In the high Te regions of such pulses, the disagreement between the measurement and all the models would be much larger than the difference between the models. Also rejected were pulses with very high uncorrelated instrumental random noise and very large clear oscillations. This selection leaves 268 pulses which, at 250ms intervals, contain over 23000 data points. Figure 3 shows a statistical overview of the difference between measured ellipticity and that calculated through equation 6 using the three models for the remaining pulses. The predictions from the cold model show a clear systematic underestimate for χ > 4 o , the non-relativistic warm model shows a clear over-estimate and the relativistic model shows the least systematic disagreement. At first glance this seems fairly conclusive. However, even for high χ , any low T e data points should be correctly predicted by the cold plasma approximation but almost no correctly predicted data can be seen for χ > 6 o in gure 3a. The absence of these could simply be because the high density and hence high χ JET pulses also tend to have high temperature but from this graph it cannot be ruled out that the average calibration simply gives an incorrect dependence on the real plasma χ , which is coincidentally well compensated for by the relativistic T e correction.
STATISTICAL COMPARISON

TEMPERATURE DEPENDENCE
To demonstrate that the better agreement with the relativistic model seen in figure 3 is due to the high T e effects, the disagreement with the cold plasma model must be shown to be correctly T e dependent. A preliminary indication of some dependence can be seen in figure 3a at χ ≈ 4 o where the high T e points (red) do have, on average, a greater under-estimation than the medium T e data (green). This cannot be seen in the relativistic model's predictions (figure 3c). To investigate this further, it is possible to examine the approximate dependence on T e directly. The approximate ellipticity, in terms of the vector Ω, is given [4] by:
For the cold plasma approximation, substituting Ω c simply gives equation 3. Substituting n from equation 8 or Ω r from 9 and assuming constant B ⊥ leads to the following expression for the difference between the respective warm approximation and the cold plasma model prediction:
The constant α is α n = 6 for the non-relativistic model and α r = 2.25 for the relativistic model. Even without a specific value of σ χ , it is possible to quantify the relative agreement of each of the three models by evaluating the relative difference of α fit from α for each. Table 1 gives this difference for each model normalised to 1 for the relativistic model. Given that the non-relativistic and cold plasma models are over 4 times further from the fit value than the relativistic value, it can be seen quantitatively that the data is in far better agreement with the relativistic model.
Further to comparing the three models, it would be useful to assess to what degree the data agrees with the relativistic model. Unfortunately, α fit is of little use for this without its uncertainty and therefore requires an absolute value for σ χ . A very approximate estimate, found by analysing the spread of ( χ -χ c ) about the linear fit, gives σ χ = 0.09 o and hence σ α = 0.05. Table 1 shows the
multiples of this by which α fit lies from the theoretical value, for each model. For the relativistic model, the fit gradient α fit lies 14 from α r which appears to indicate that, while it out performs the others, the data does not actually support the relativistic model.
This large disagreement comes from the apparently very small fit uncertainty σ α ( < 2%) which is not surprising given that it is based on 15000 data points. If the only uncertainty on the data was the independent Gaussian distributed random noise that was assumed, an average over this much data really would give a value for α fit of this accuracy. Unfortunately, this is almost certainly not the case. For instance, since most of the variation is from the calibration uncertainty which is systematic for each pulse and the data only contains 268 pulses, the errors cannot be considered independent.
To correctly assess the validity of the model, it is necessary to correctly and completely model the calibration procedure and the uncertainty in χ that results from it. With this, the quantity of data may even be su cient to observe the finite T e effects to second order in τ.
RECALIBRATION
While the comparison of the models in the previous section is almost entirely conclusive, it could be argued that the relatively subjective selection process of section 4 introduces a bias which favours the relativistic model. In reality, since the selection involved the comparison of the measurements to equation 3, it is most likely that it would bias the results toward the cold plasma model. However, further evidence can be seen for supporting the relativistic model from some of the the pulses rejected in section 5.
Pulses where the measured data completely disagrees with all the models can be re-calibrated by tting the raw detected signals (ψ D , χ D ) to the predictions based on EFIT as in [7] . For this analysis, again under the assumption that the theoretical model is correct for low T e plasma, the signals are fit on periods of the pulse where T e < 3keV and are fit to the cold model. Figure 5 shows such a pulse with both its original calibration and after the calibration fitting procedure.
As the fit is performed to the predictions of the cold model, the procedure is most likely to bias the results toward this. Despite this, the re-calibrated measurement is in clearly better agreement with relativistic model. Figure 6 shows χ -χ c from the re-calibrated data along with the three theoretical approximations as in section 6. Also shown is the result of a linear least-squares t to the data, which gives (as in section 6) a linear dependence of α fit = 2.74±4.4α.
Again, it can be seen immediately that the agreement with the relativistic model is far better than the other two approximations. Quantitatively, the cold and the non-relativistic model values for are respectively 5.6 and 6.7 times further from α fit than the relativistic value. This gives further evidence to the main conclusion of section 6 and demonstrates that with accurate calibration, the JET polarimeter can observe relativistic effects on individual pulses.
Unfortunately, the recalibration procedure is restricted to a fairly small number of pulses as it requires a cold period T e < 3keV with χ of similar magnitude to the hottest period. As χ is approximately proportional to line integrated density, this requires part of the pulse to be of similar density but much lower temperature to the main heating phase. This is uncommon at JET where T e and n e typically both rise together before a single main heating phase after which they fall together.
CONCLUSIONS
A comparison has been made between experimental measurements of induced ellipticity from the core channel of the JET polarimeter and calculations based on the cold plasma approximation and including non-relativistic and also weakly relativistic finite T e effects to first order in τ. To deal with difficulties with the instrument calibration, two methods were used. Firstly, a statistical view of pulses with a good original calibration was given and secondly a single pulse was re-calibrated.In both cases, it has been clearly shown that the measurements are in far better agreement with the relativistic model. Under the assumption that the basic theory is correct (i.e the cold plasma model is valid for cold plasmas), this verifies the presence of relativistic effects in the propagation of high frequency radiation through high T e plasma. It demonstrates that both non-relativistic and weakly relativistic finite T e effects must be taken into account when considering ellipticity measurements of plasmas with T e > 5keV .
While a more detailed model of the calibration would be required for a direct and complete verification of the model's validity, both methods give an approximate T e dependence relatively close to the relativistic finite T e model's prediction. 
